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Abstract. Let X be a smooth projective surface over the complex number field 
and let L be a nef-big divisor on X. Here we consider the following conjecture; If the 
t-H , Kodaira dimension k(X) > 0, then KxL > 2q(X) — 4, where q(X) is the irregularity 

of X. In this paper, we prove that this conjecture is true if (1) the case in which 
K (X) = or 1, (2) the case in which k(X) = 2 and h°(L) > 2, or (3) the case in 
which k(X) = 2, X is minimal, h°(L) = 1, and L satisfies some conditions. 

r- > 
o ■ 

: 

§ 0. Introduction. 

Let X be a smooth projective manifold over C with dim X > 2, and L a Cartier 
divisor on X. Then (X,L) is called a pre-polarized manifold. In particular, if L is 
(3jT)! ample (resp. nef-big), then (X, L) is said to be a polarized (resp. quasi-polarized) 
^jpjI manifold. We define the sectional genus g(L) of a pre-polarized manifold (X, L) is 
^ ■ defined by the following formula; 

g(L) = l + ±(K x + (n-l)L)L n - 1 , 

; where Kx is the canonical divisor of X. 
Then this is the following conjecture. 

Conjecture 0. Let (X,L) be a quasi-polarized manifold. Theng(L) > q(X), where 
q(X) = dimH 1 (X,O x ). 

In this paper, we consider the case in which X is a smooth surface. If dim X = 2 
and h (L) > 0, then this Conjecture is true. But in general, it is unknown whether 
this Conjecture is true or not. In the papers [Fkl] and [Fk4], the author proved 
that L 2 < 4 if L is ample, g(L) = q(X), h°(L) > and k(X) > 0. By this result, 
we think that the degree of (X, L) is bounded from above by using m = g(L) —q(X) 
if k(X) > 0. By studying some examples of (X, L), we conjectured the following. 

Conjecture 1. If (X,L) is a quasi-polarized surface with k(X) > 0. 
Then L 2 < 2m + 2 if g(L) = q(X) + m. 

We remark that m is non-negative integer if h (L) > 0. This Conjecture is equiva- 
lent to the following Conjecture. 
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Conjecture 1'. If (X,L) is a quasi-polarized surface with k(X) > 0. 
Then K X L > 2q(X) - 4. 

This Conjecture V is thought to be an generalization of the fact that deg Kc = 
2g(C) — 2 if C is a smooth projective curve. 

In this paper, we consider the above Conjecture. Main results are the following. 

Main Theorem 1. Let (X,L) be a quasi-polarized surface with k(X) = or 1. 
Then K X L > 2q(X) - 4. 

If this equality holds and (X, L) is L-minimal, then (X, L) is one of the following; 

(1) k(X) = case. 

X is an Abelian surface and L is any nef and big divisor. 

(2) k(X) = 1 case. 

X = F x C and L = C + (m + 1)F, where F and C are smooth curves with 
g(C) > 2 and g(F) = 1, and m = g(L) - q{X). 

(See Theorem 2.1.) 

Main Theorem 2. Let (X, L) be a quasi-polarized surface with k(X) = 2 and 
h°(L) > 2. Then K X L > 2q(X) - 2. 

If this equality holds and (X, L) is L-minimal, then (X, L) is the following; 

X = F x C and L = C + 2F , where F and C are smooth curves with g(F) = 2 and 

9(C) > 2. 

(See Theorem 3.1) 

Main Theorem 3. Let X be a smooth surface of general type and let D be a 
nef-big effective divisor with h°(D) = 1 on X. If D is not the following type (*), 
then K X D > 2q(X) - A; 

(*) D = C\ + r jCj ; C\ > and the intersection matrix \\Cj, Cf~\\ j>2,k>2 of 
i>2 

r jCj is negative semidefinite. 
(See § 4.) 

Main Theorem 4. Let X be a minimal smooth projective surface with k(X) = 2 
and let D be a nef-big effective divisor on X such that D is the type (*). Then 
D 2 < 4m + 4 ifm = g(D)-q(X). 

We remark that the classification of polarized surfaces (X, L) with k(X) > 1 and 
K X L < 2 is obtained by [DP]. 
Acknowledgement 

The author would like to express his hearty gratitude to Professor Takao Fujita for 
giving some useful advice and comments. 

§ 1. Preliminaries. 

Definition 1.1. ([Fkl].) Let (X,L) be a quasi-polarized surface. 

(1) We call (Xi, Li) a minimalization of (X,L) if (p : X — > X\ is a minimal 
model of X and L\ = (p*L in the sense of cycle theory. (We remark that 
L\ is nef and big (resp. ample) on X\ if so is L.) 

(2) We say that (X,L) is L-minimal if L.E > for any (-l)-curve E on X. 
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p : (X, L) — > (X , Lq) such that L = p*L and (X , L ) is L -minimal. 
Then we call (X ,Lo) an L-minimalization of (X, L). 

Lemma 1.2 (Debarre). Let X be a minimal surface of general type with q(X) > 
1. Then K\ > 2p g {X). (Hence K\ > 2q{X) for any minimal surface of general 
type.) 

Proof. See [D]. □ 

Theorem 1.3 ([Fk3]). Let (X,L) be an L-minimal quasi-polarized surface with 
k(X) > 0. If h°(L) > 2, then (X,L) satisfies one of the following conditions. 

(1) g(L) > 2q(X) - 1. 

(2) For any linear pencil A C \L\, the fixed part Z(A) of A is not zero and 
Bs Am = 4>> where Am is movable part of A. Let f : X — > C be the fiber 
space induced by A M . Then g{L) > g(C)+2g(F) > q(X) + g(F), g(C) > 2, 
LF = 1 and L — aF is numerically equivalent to an effective divisor for a 
general fiber F of f , where a > 2. 

Proof. See Theorem 3.1 in [Fk3]. □ 

Lemma 1.4. Let f : X — > C be a relatively minimal elliptic fibration with q(X) = 
g(C) + 1. IfLF = lfora nef-big divisor L on X, then X = F x C and f : X -> C 
is the natural projection, where F is a general fiber of f . 

Proof. (See [Fj3]) By hypothesis / is a quasi-bundle (see Lemma 1.5 and Lemma 
1.6 in [S]). Let E C C be the singular locus of / and U = C — E. We fix an 
elliptic curve E = f~ x (x) for x G U. Then by [Fj3], we have a map ip : tti(U) — > 
Aut(E, C' E ). Since the translations of E preserving Le are of order d = deg Le by 
Abel's Theorem, Aut(E, Le) is finite group. Let G = lunp. Then by [Fj3], there 
exists a Galois covering n : D — > C such that G = Gal(D/C) acts effectively on the 
polarized pair (E, L E ) and X = (D x E)/G, where D is a smooth projective curve. 
Since q(X) = g(C) + 1, we have g(E/G) = 1. Hence G acts on E as translations. 
Therefore any element of G is of order d = deg Le = 1- So X = DxE = CxF, 
and / : X — > C is the natural projection by construction. □ 

Lemma 1.5. Let X be a smooth algebraic surface, C a smooth curve, f : X — > C a 
surjective morphism with connected fibers, and F a general fiber of f . Then q(X) < 
g(C) + g(F). Moreover if this equality holds and g(F) > 2, then X ~ bir F x C. 

Proof. See e.g. [Be] p.345 or [X]. □ 

Lemma 1.6. Let X be a minimal smooth surface of general type. Then K\ > 
6q(X) — 13 unless X = C\ x Ci for some smooth curves C\ and Ci- 

Proof. We assume that X p= C\ x C2 for smooth curves C\ and C2. By Theoreme 
6.3 in [D], we have K\ > 2p g (X) + 2(q(X) - 4) + 1. On the other hand, p g (X) > 
2q{X) - 3 by [Be]. Hence K\ > 6q(X) - 13. □ 

Proposition 1.7. Let X be a minimal smooth surface of general type and let C be 
an irreducible reduced curve with C 2 > 0. Then KxC > (3/2)q(X) — 3. 

Proof. If q(X) < 2, then this inequality is true. So we assume q(X) > 3. 

If X = C\ x C 2 for some smooth curves C\ and C 2 , then K X C > 2q(X) — 4 > 

(S/2)q(X) - 3. So we may assume X ^ C\ x C 2 . Let igQ with x > 1. We put 
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Claim 1.7.1. // 2m x + 2> (2/3)(q(X) - 2) + 1, then (xC) 2 < 2m x + 2. 

Proof. Assume that (xC) 2 > 2m x + 2. Then (xC) 2 > (2/3)(q(X) - 2) + 1. 
Hence 

(K x ) 2 (xC) 2 > (6(q(X) - 2) - - 2) + 1) 

= 4(g(X) - 2) 2 + 6(g(X) - 2) - - 2) - 1 

1 6 

= %(X)-2) 2 + y ( ? (X)-2)-l 

by Lemma 1.6. 

By Hodge index Theorem (xCK x ) 2 > (xC) 2 (K x ) 2 > 4(g(X) - 2) 2 and we have 
xCK x > 2(q(X) - 2). Therefore 

g(xC) > 1 + \{2{q{X) - 2) + 2m x + 2) 
= <?(X) + m x 

and this is a contradiction. 

This completes the proof of Claim 1.7.1. 

We continue the proof of Proposition 1.7. 
We have 

q{X) +m x = g(xC) = g(C) + (x - l)g(C) + ^(xC 2 - 2) 

> q(X) + {x- l)q(X) + X -^{xC 2 - 2) 

since g(C) > q(X). 

Hence m x > (x - l)q(X) + ((x - l)/2)(xC 2 - 2). Here we put x = (4/3). Then 
m x > (l/3)q(X) - (1/9) > (l/3)q(X) - (7/6). Therefore by Claim 1.7.1, we have 

(^C) 2 <2m x + 2. 

In particular, (4/3)CK x > 2q(X) - 4. Therefore K X C > (3/2)q(X) - 3. This 
completes the proof of Proposition 1.7. □ 

Lemma 1.8. Let X be a minimal smooth surface of general type. Then there are 
only finitely many irreducible curves C on X up to numerical equivalence such that 
K X C is bounded. 

Moreover there are only finitely many irreducible curves C on X such that K X C is 
bounded and C 2 < 0. 

Proof. See Proposition 3 in [Bo]. 

Definition 1.9. (See e.g. [BaBe], [BeFS], and [BeS]) Let X be a projective variety 
over C and let Z be a 0-dimensional subscheme of X. A 0-dimensional subscheme 
Z\ of X is called a subcycle of Z if Xz C Xzi, where Xz (resp. Xz x ) is the ideal 
sheaf which defines Z (resp. Z{). Let L be a Cartier divisor on X. Let W be a 
subspace of H°(L) and k a non-negative integer. Then W is called k-very ample if 
the restriction map W — > H (L<S>Oz) is surjective for any 0-dimensional subscheme 
Z with length < k + 1. If W = H (L), then LO is said to be k-very ample. (We 
remark that L is 0-very ample if and only if L is spanned and L is 1-very ample if 
and only if L is very ample.) 
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§ 2. The case in which «(X) = or 1. 

In this section, we will prove Conjecture 1' for the case in which k(X) = or 1. 

Theorem 2.1. Let (X,L) be a quasi-polarized surface with k(X) = or 1. Then 
K X L > 2q(X) -A. 

If this equality holds and (X, L) is L-minimal, then (X, L) is one of the following; 

(1) k(X) = case. 

X is an Abelian surface and L is any nef and big divisor. 

(2) k(X) = 1 case. 

X = F x C and L = C + (m + 1)F, where F and C are smooth curves with 
g(C) > 2 and g(F) = 1, and m = g{L) - q(X). 

Proof. (1) The case in which k(X) = 0. 

Then q(X) < 2 by the classification theory of surfaces. Hence KxL > > 2q(X) — 
4. 

If K X L = 2q(X) - 4, then q(X) = 2 and K X L = 0. Since (X, L) is L-minimal, X 
is minimal, in particular, X is an Abelian surface. Conversely, let (X, L) be any 
quasi-polarized surface which is L-minimal, and let X be an Abelian surface. Then 
KxL = = 2q(X) - 4. 
(2) The case in which k(X) = 1. 

Let / : X — > C be an elliptic fibration, \x : X — > X' the relatively minimal model 
of X, and let /' : X' — > C be the relatively minimal elliptic fibration such that 
f = f o [j,. Let L' = jLt*L. Then L' is nef and big, and KxL > Kx'L' . 
By the canonical bundle formula for elliptic fibrations, we have 

K X , = (2g(C) - 2 + X (Ox>))F' + ^(m, - l)F h 

i 

where F' is a general fiber of /' and m^Lj is a multiple fiber of /' for any i. 
Hence 

Kx'L' > (2g(C) - 2 + X (Ox>)) > 2g(C) - 2 

= 2(<7(C) + 1) - 4 
> 2q(X)-4. 

Therefore K X L > K X >L' > 2q(X) - 4. 
Assume that K X L = 2q(X) - 4. 

If g (C) = 0, then q(X) < 1. So LT X L = 2g(X) - 4 < -2. This is impossible. 
Hence (7(C) > 1. By the above argument, we obtain LTxL = Kx'L' = 2q(X) — 4. 
Since (X, L) is L-minimal, X is minimal. Because KxL = 2q(X) — 4, we obtain 
the following. 

(2-1) / has no multiple fibers. 
(2-2) x(O x ) = 0. 
(2-3) q(X) = g(C) + 1. 
(2-4) LF = 1. 

By (2-3), (2-4), and Lemma 1.4, we obtain X ^ L x C and / : X -> C is the 
natural projection. Because of = 1, we have (7(C) > 2. Then /* of*(0 (L)) — > 
0(L — Z) is surjective, where Z is a section of /. Let L|_p ( ~ p^, where Lt = / _1 (t) 

„„ J i ^ /~1 T „J- /„. J-\ U„ „ „f Z7> ^, /~1 „„ J \ -t\ -tl „ /— TP ^, /~1 rpl 
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the morphism h : F xC — > F xC ; h(y,t) = (y — y(pt),t) is an isomorphism. Hence 
L = h*({0} xC) + f*D. Therefore L = C + f*D via h, where D E Pic(C). But 
L 2 = 2m + 2 for m = g(L) - q(X). Hence L = C + (m + 1)F. This completes the 
proof of Theorem 2.1. □ 

§ 3. The case in which k(X) = 2 and h°(L) > 2. 

Theorem 3.1. Let (X, L) 6e a quasi-polarized surface with k(X) = 2 and h°(L) > 
2. Then K X L > 2q(X) - 2. 

If this equality holds and (X, L) is L-minimal, then (X, L) is the following; 

X = F x C and L = C + 2F, where F and C are smooth curves with g(F) = 2 and 

9(C) > 2. 

Proof. (A) The case in which X is minimal. 

Then we use Theorem 1.3. 

(A-l) The case in which g(L) > 2q(X) - 1. 

Then q(X) + m = g(L) > 2q(X) - 1. So we obtain m > q(X) - 1. 
(A-l-1) q(X) > 1 case. 

Then by Lemma 1.2, we obtain K\ > 2p g (X) > 2q(X). If L 2 > 2m, then 

(K X L) 2 > K\l? > (2q(X))(2m) 

>4q(X)(q(X)-l). 

Hence K X L > 2(q(X) — 1). But this is impossible because 

q(X) +m = g(L) > 1 + -(2q(X) - 2 + 2m) 
= q(X) + m. 

Therefore L 2 < 2m — 1, that is, K X L > 2q(X) - 1. 

(A-l-2) q(X) = case. 

Then K X L > > 2q(X) - 2. 

(A-2) The case in which g(L) < 2q(X) - 1. 

Then by Theorem 1.3, there is a fiber space / : X —> C such that C is a smooth 
curve with g(C) > 2, LF = 1, and L — aF is numerically equivalent to an effective 
divisor, where F is a general fiber of / and a > 2. So there exists a section C of / 
such that C is an irreducible component of L, and we obtain that L — aF = C'+D', 
where D' is an effective divisor such that f(D') are points. 

Since / is relatively minimal, the relative canonical divisor K x /c = K x — f*Kc is 
nef by Arakelov's Theorem. So we have K X / C L > 2K X / C F. Hence 

g(L) = g(C)+ l -(K x/c L)+ l -L 2 

> g(C) + K X/C F + h 2 
= g (C) + 2g(F)-2 + h 2 

= g (C)+g(F)+g(F)-2 + h 2 

> n (X) + -L 2 
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because g(F) > 2 and g(C) + g(F) > q(X). 

Since q(X) + m = g(L), we obtain L 2 < 2m. Namely K X L > 2q(X) - 2. 
Next we assume K X L = 2q(X) — 2. 

Then g(L) < 2q(X) — 1 by the above argument. Moreover the following are satisfied 
by the above argument of (A-2); 

(a) K X/C C = 0, K X/C D> = 0. 

(b) a = 2. 

(c) 9(F) = 2. 

(d) q(X)=g(C) + g(F). 

Since X is minimal, we obtain X = F x C by (d) and Lemma 1.5. Moreover 
/ : X — > C is the natural projection. Since D' is contained in fibers of / and 
K X / C D' = 0, we obtain D' = 0. Since K x /c = (?g(F) - 2)C and K X/C C = 0, we 
have CC" = 0. Hence C is a fiber of F x C -> F. Therefore L = C + 2F by (b). 
(B) The case in which X is not minimal. 

Let X = Xq — > Xi X n _i — > X n be the minimalization of X, where 

Hi : Xi — > is the blowing down of (-l)-curve Let = ( / Ui_i) H <(Li_i), 

Lo = L, and L^_i = ( / Ui_i)*Li — mi-\Ei-\, where m^-i > 0. We remark that 

h°(Li) = Li) > /i°(Li_i). Then L 2 = (L n ) 2 - ^'m 2 and = 

n-l 

K Xn L n + m i- By the case (A), we have K Xri L n > 2q(X) — 2. Hence K X L > 

n-l 

2q(X)-2+ J2 m l >2q(X)-2. 

i=0 

Next we consider (X, L) such that K X L = 2q(X)—2 and (X, L) is L-minimal, Then 

n-l 

mi = since K X L = 2q(X) — 2 and so we have mj = for any i. But then X 

i=0 

is minimal because (X, L) is L-minimal. This is a contradiction. This completes 
the proof of Theorem 3.1. □ 

§ 4. The case in which k(X) = 2 and h°(L) = 1. 

In this section, we consider the case in which k(X) = 2 and h (L) = 1. We put 
m = g(L)-q(X). 

Lemma 4.1. // g(L) > 2q(X), then K X L > 2q(X) - 1. 

Proof. Then (/(X) + m = g(L) > 2q(X). Hence m > q(X). Assume that I? > 2m. 
So we obtain L 2 > 2q(X). Let : X — > X' be the minimalization of X and 
1/ = ^*L. Then K X L > K X ,L' and (L') 2 > L 2 > 2q(X). Since > 2q(X) 
by Lemma 1.2, we have {K X ,L') 2 > [K X ,) 2 (L') 2 > (2q(X)) 2 by Hodge index 
Theorem. So we obtain K X >L' > 2q(X). But this is impossible because 

q(X) + m = g(L) > 1 + q(X) + m. 

Hence L 2 < 2m, that is, K X L > 2q(X) — 1. This completes the proof of Lemma 
4.1. □ 

Lemma 4.2. // for any minimal quasi-polarized surfaces (X, L) with k(X) = 2 
and h°(L) > 1 we can prove that K X L > 2q(X) — 4, then this inequality holds for 
any quasi-polarized surface (Y, A) with k(Y) = 2 and h°(A) > 1. 
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By Lemma 4.2, it is sufficient to prove Conjecture 1 (or Conjecture 1') under the 
following assumption (4-1); 
(4-1) X is minimal. 

Here we consider Conjecture 1 (or Conjecture 1') for the following divisors. 

Definition 4.3. Let X be a smooth projective surface and let D be an effective 
divisor on X. Then D is called a CNNS-divisor if the following conditions hold: 

(1) D is connected. 

(2) the intersection matrix ||(Cj, Cj)\\ij of D = E TiCi is not negative semidef- 

i 

inite. 

Remark 4.4. If L is an effective nef and big divisor, then L is a CNNS-divisor. 

Let D be a CNNS-divisor on a minimal smooth projective surface X with k(X) = 
2, and D = J^riCi its prime decomposition. 

i 

We divide three cases: 

(«) E^>2; 

ies 

(P) En = i; 

ies 

(7) En = o, 

where S = { i \ Cf > 0}. 
First we consider the case (a). 

Theorem 4.5. Let D be a CNNS-divisor on a minimal smooth surface X with 

k(X) = 2, and let D = E ^iC &e its prime decomposition. 1/ ^r, > 2, t/ien 

i ies 

K X L > 2q(X) - 1. 

Proof. Let A = E r iCj an d B = D — A. Then A is nef and big. We remark that 

ies 

KxD > KxA since X is minimal with k(X) = 2. So it is sufficient to prove that 
g(A) > 2q(X) by Lemma 4.1. By assumption here, there are curves C\ and C2 
(possibly C\ = C2) such that C\ > and C| > and A — C\ — C2 is effective. Let 
A 12 = A - d - C 2 . Then 

g(A) = g(d + C 2 ) + ^{K x + A + d + C 2 )A 12 . 

Since + A is nef and A is 1-connected, we have (Kx + A)Ai 2 > and {C\ + 
C 2 )A 12 > 0. Hence g(A) > g(C x + C 2 ). On the other hand, g{C x + C 2 ) = 
g{Ci) + 9(C 2 ) + CiC 2 - 1. Because Cf > and Cf > 0, we obtain CiC 2 > 0. 
Hence g(Ci + C 2 ) > S'(Ci) + g(C 2 ) > 2q(X). Therefore by Lemma 4.1, we obtain 
K x {Ci + C 2 ) > 2q(X) - 1. So we have K X D > K X {C X + C 2 ) > 2q(X) - 1. This 
completes the proof of Theorem 4.5. □ 

Next we consider the case (7). 

Theorem 4.6. Let D be a CNNS-divisor on a minimal smooth projective surface 

X with k(X) = 2 and let D = Yl r iCi be its prime decomposition. If E = and 

i ies 
4-1 .„ — „-„j.„ „ n „ ,1, j-U „+ r~<2 n +1 7-1 \ o„/ v\ a 
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Proof. Assume that C\ = 0. We may assume that q(X) > 1. Since D is a CNNS- 
divisor, D has at least two irreducible components. Let C 2 be another irreducible 
component of D such that C\ fl C 2 7^ (p. Then 

g(D) = g(d + C 2 ) + ^(K X + D + C 1 + C 2 )D 12 , 

where D 12 = D - (d + C 2 ). 

We put / = g(d + C 2 ) - q(X) and m = g(D) - q(X). Since K X D 12 > 0, we 
have 2m - 21 > (D + C x + C 2 )D 12 . Let X = X, C 1>0 = C u C 2 ,o = C 2 , and 
/Ui : Xi — > blowing up at a point of Ci,£-i fl C 2] j_i, where Ci^ (resp. C 2) j) is 
the strict transform of C\^-\ (resp. C 2) i_i), and let Ei be an exceptional divisor 
such that Hi(Ei) is a point. We put \i = fii o ■ • -ofi n , where n is the natural number 
such that G\ n _i n C 2 , n _i 7^ </> and C 1>n H C 2 , n = 0. Let C^j = fi*C 1}i -i - biE u 
C 2 ,i = fJ>*C 2t i-i — diEi, and = bi + di. We remark that bi > 1 and ei, > 1. Let 
= X n , Ci j0 = Ci, n , C 2 = C 2 ,„, ^0,0 = E n , and //J : ^ -> blowing up at a 
point x e (Siiig(CJ i4 _JUSiiig(Ci 4 _jn^ 

C{ j (resp. C 2 j, E'q J is the strict transform of C{ (resp. C 2 -Eq j_i), and 
let E[ be an exceptional divisor on X[ such that is a point. Let C[ i + C 2 4 = 

(Km.i-i + C^) - a^. We assume that (Sing(G^) U Sing(C 2>f ))'\ ((CJ >t n 
£fc >t ) U (<7£ >t n = 
Claim 4.7. ^(C( )t + C£ >t + £ft >t ) > ? (X t '). 

Proof. Let a(CJ it + C 2 , t + E' Q t ) = dimKer^ 1 ^) - H^Oc^+c^+e^))- By 
Lemma 3.1 in [Fk4], it is sufficient to prove a(C' lt +C2 t +E' t ) = since C , { t +C 2 t + 
£?g t is 1-connected. Assume that a(C' lt + C 2t +E' 0t ) 7^ 0. Since q(X) > 1, there is 
a morphism f : X' t G such that /(X) is not a point and f(C[ t + C' 2t + E' o t ) is a 
point, where G is an Abelian variety. On the other hand, a {n\o- ■ • o fj, n o ^ ■ ■ -o/^)- 
exceptional divisor is contracted by / because G is an Abelian variety. Therefore 
(n')*(Ci + C 2 ) is contracted by /. But [e\C\ + C 2 ) 2 > for sufficient large e\. 
This is impossible. Hence a(C[ t + C' 2t + E' ot ) = 0. This completes the proof of 
Claim 4.7. 

Hence 

* 1 

</(Ci,» + C 2 , n + E n ) = g(C' ht + C' 2 + + E' J + J2 ~ 1) 

i=i 

>^X't) + Y,\a' i {a' i -l) 

i=i 

= ^X) + j^ 1 -a' i {a' i -l). 

i=i 

On the other hand, 

n-l 1 1 

<7(Ci + C 2 ) = »(Ci,„ + C 2 , n + E n ) + ^ - ai {a % - 1) + -(a n - l)(a n - 2). 
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Therefore 

n-i 1 1 t 1 

<7(Ci + C 2 ) > q(X) + 2^(^ - 1) + 2 K " " 2 ) + E 

i=i fc=i 

Since / = y(Ci + C2) — we obtain 

n-i t 
21 > a i( a i - !) + K - 1)K - 2) + E a 'fcK - !)• 

i=l k=l 
n 

Let CiC 2 = x. Then x = 6^ and (C\ + C 2 ) 2 < 2x by hypothesis. 

i=l 

Claim 4.8. 

n-l 



2x - ^ a* (a, - 1) - (a„ - l)(a n - 2) < 2. 



i=l 

Proof. 

n-l 



2x - ^ a* (a* - 1) - (a n - l)(a n - 2) 

n n—1 

= 2^ Mi - + di ^ bi + d i~ 1 )~ ( b n + dn~ !)(&„ + rfn - 2). 



i=l i=l 

For each z(^ n), 



2b i d i -(b i + d i )(b i + d i - 1) 
= -6? - ( f l +b l + d l 
= bi(l - + di(l - di) < 0, 



and for i = n, 



D 2 = (d + C 2 ) 2 + (D + d + C 2 )D n 



26 n <i n - (6 n + rf n - l)(6 n + d n - 2) 
= -6* - + 36n + 3dn _ 2 

= 6 n (3 - b n ) + d n (3 -d n )-2<2. 
Therefore we obtain Claim 4.8. 
By Claim 4.8, we obtain 

< 2x + 2m - 21 

n-l t 

< 2x + 2m - ^a;(a, - 1) - (a„ - l)(a„ - 2) - E a *( a fc _ !) 

i=l fc=l 
t 

<2m + 2-^a / fc (a' fc -l) 
fe=i 

< 2m + 2. 

Therefore KxD > 2q(X) — 4. This completes the proof of Theorem 4.6. □ 

at — -4- „.„ „;j — j-U„ „„„„ ;„ „.u;„u j-U„ ;„ th ™ c u„u„ 
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Theorem 4.9. Let D be a CNNS-divisor on a minimal smooth surface X with 

k(X) = 2, and let D = ^ r^Ci be its prime decomposition. If r % = 0? there 

i ies 
exists a curve Ci such that Cf = 0, and KxD = 2q(X) — 4, then there are two 
irreducible curves C\ and C 2 such that D = C\ + C 2 with Cf = Cf = 0. 
If Ci or C 2 is not smooth, then g(L) — q(X) = 1 or 3, and \C\ D C 2 = 1. 

(1) If g(L) — q(X) = 1, then Ci is smooth but Cj is not smooth only at x G 
C\ fl C 2 and mult x (Cj) = 2 for i 7^ j and {i,j} = {1,2}, where mu\t x (Cj) 
is the multiplicity of Cj at x. 

(2) If g(L) — q(X) = 3, then C\ and C2 are not smooth only at x G C\ fl C 2 
and mult x (Cj) = 2 for % =1, 2. 

Proof. Let D = C\ + C2 + -D12, where Cf = and Ci is an irreducible curve such 
that dC 2 > 0. By the proof of Theorem 4.6, we have K X D 12 = 0. If D 12 ^ 0, 
then KxC = for any irreducible curve C of D12 because Kx is nef. 

Claim 4.10. C 2 = for any irreducible curve C of D. 

Proof. By hypothesis, there is an irreducible curve B of D such that B 2 = 0. Let 
B' be any irreducible curve of D such that B 7^ B' and BB' > 0. By the proof 
of Theorem 4.6 and KxD = 2q(X) — 4, we have (B') 2 = 0. By repeating this 
argument, this completes the proof because D is connected. 

By this Claim, C 2 = for any irreducible curve C of Di 2 . So C = by Hodge 
index Theorem. But this is a contradiction. 

Therefore Di 2 = and so we have D = C\ + C 2 with Cf = C 2 = 0. Next we 
consider the singularity of C\ and C 2 . 

We remark that C\ (resp. C 2 ) is smooth on C l \ {C t n C 2 } (resp. C 2 \ {C l n C 2 }) 

since -ftTx-D = 2g(X) — 4 and a fc( a fc — 1) = (here we use the notation in 

fc=i 

Theorem 4.6). 

We assume that jjCi fl C 2 > 2. Then the number n of blowing up \x = Hi o ■ ■ ■ o /j n is 
greater than 1. Since K X D = 2q(X) — 4, we obtain bi = d\ = 1. By interchanging 
the point of the first blowing up, we obtain that C\ and C 2 are smooth on C\ T\C 2 . 
We assume %C\ fl C 2 = 1. If the number n of blowing up \i is greater than 1, then 
b\ = d\ = 1 by the proof of Theorem 4.6. So C\ and C 2 are smooth at x G Ci flC 2 . 
Hence we assume that the number of blowing up is one. Then C\C 2 = bid\. By 
the proof of Theorem 4.6, b x (3 - b x ) + di(3 - di) = 4. Hence (61, di) =(1,1), (1,2), 
(2,1), or (2,2). 

If (61, d\) = (1, 1), then C\ and C 2 are smooth at x. 

If (61, d\) =(1,2) or (2,1), then Ci is smooth at x and Cj is not smooth at x for 
i ^ j and = {1,2}, and mu\t x (Cj) = 2, where mult x (Cj) is the multiplicity 

of Cj at x. In this case, C\C 2 = 2 and g(L) — q(^) = 1. 

If (61, d\) =(2,2), then C\ and C 2 are not smooth at x, and mult x (Ci) = 2 for 
% =1, 2. In this case, C\C 2 = 4 and g(L) — q(X) = 3. This completes the proof of 
Theorem 4.9. □ 

Next we consider the following case (*); 

(*) Let D be a CNNS-divisor on a minimal surface of general type, and let 
D = riCi be its prime decomposition. Then we assume Cf < for any 

i 

i 
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Theorem 4.11. Let (X,D) be (*). Then K X D > 2q(X) - 3. 

Before we prove this theorem, we state some definitions and notaions which is 
used in the proof of Theorem 4.11. 

Definition 4.12. Let D be an effective divisor on X. Then the dual graph G(D) 
of D is defined as follows. 

(1) The vertices of G(D) corresponds to irreducible components of D. 

(2) For any two vertices v\ and Vi of G(D), the number of edges joining v\ and 
V2 equal ft {Si D B 2 }, where Bi is the component of D corresponding to Vi 
for i = 1, 2. 

Remark 4.12.1. Let G(D) be the dual graph of an effective divisor D. We reject 
one edge e of G(D) and G = G(D) — {e}. Let v\ and v 2 be vertices of G(D) which 
are terminal points of the edge e. Let C\ and C 2 be the irreducible curve of D cor- 
responding v\ and V2 respectively. Then G is the dual graph of the effective divisor 
which is the strict transform of D by the blowing up at a point x corresponding to 
e if i{C\,Ci\x) = 1, where i{Ci,Cy,x) is the intersection number of Ci and Cj at 
x. 

Notation 4.13. Let (X,D) be (*). We take a birational morphism fj,' : X' — > X 
such that C- n n C^ = <j> for any distinct C-, Cj, and C£, and if C[ n Cj 7^ 0, 
then z(C;,Cj;a:) = 1 for x G fl Cj, where £>' = (^')*(^) = Let 

i 

fii : Xi ^ Xi-i be one point blowing up such that fi' = fj,\ o ■ ■ ■ o /i t , Xq = X 
and X t = X' . Let L>i = \i\Di-\ and L>o = -D. Let hi be an integer such that 
Gui)*((-Dj_i) re d) — = (-Dj) re d, where Sj is a ^-exceptional curve. 

Remark 4.14. 

(a) No two (/Ui o • • -o ^^-exceptional curves on Xi which are not (-1) curve intersect 
at a point on (-l)-curve on Xi contracted by some \ij (j < i). 

(b) The point x which is a center of blowing up ^ : — > X^_\ is contained in one 
of the following types; 

(1) the strict transform of the irreducible components of D; 

(2) the intersection of the strict transform of the irreducible components of D 
and one (-l)-curve on Xi contracted by some fij (j < i); 

(3) the intersection of the strict transform of the irreducible components of D 
and one (fii o • • • o ^-exceptional curve on Xi which is not (-l)-curve and 
one (-l)-curve on Xi contracted by some [ij (j < i). 

We assume that (X, D) satisfies (*) and we use Notation 4.13 unless specifically 
stated otherwise. 

Definition 4.15. 

(1) Let 7T : X — > X be a birational morphism, and let X and X be smooth 
surfaces. Let it = %i o • • -o7r n , Xq = X , and X n = X, where 7^ : Xi — > Xj_i 
is a one point blowing up. Let Ei be the exceptional divisor of 7Tj. Let D be 
an effective divisor on X and we put Dq = D. Let Di = n*(Di-i). Then 
the multiplicity of in Di is called the i?i-multiplicity of D. 

(2) We use Notation 4.13. Let E be a union of /(/-exceptional curve and D an 
effective divisor on X. Let X{ = Hi(Ei). If Xi is the type (3) in Remark 
4.14 (b), then a (/xi o • • • o //j) -exceptional curve E 1 which is not (— l)-curve 
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We remark that there is at most one e-curve throught Xi. 

Remark 4.16. We consider Notation 4.13. Let E an e-curve on Xi and let Xi be 
the e-point associated with E. Then we must be blowing up at Xi by considering 
Notation 4.13. Let E be a strict transform of E by blowing up /j, i+ i : X i+1 — > Xi 
at Xi. Then (E) 2 = E 2 - 1 < -3 and K Xl+1 E = K Xl E + 1 > 1. 

Definition 4.17. Let 5 : X — > X be any birational morphism, E a union of 5- 
exceptional curve, and let D be an effective divisor on X. We put B = 5(E) = 
{yi, • • • , y s }. Then we can describe 5 as 5 = 5 S o • • • o Si, where Si is the map whose 
image of a union of ^-exceptional curves is j/j. For each y^ £ B, we define a new 
graph G = G(yj~, D) which is called the river of the birational map 5k and D. 
(Step 1) 

Let E 0j0 be a (-l)-curve obtained by blowing up at yj~- Let i^o be a vertex of 
the graph G which corresponds to E 0j0 . We define the weight u(0, 0; G) of i>o,o as 
follows: 

w(0, 0; (?) = the -Eo,o-niultiplicity of D. 

(Step 2) 

Let £1,1, • • • , £"i,t be (-l)-curves obtained by blowing up at distinct points {xi,i, • • • , £i,t} 
on i?o,o- Let • • • , vij be vertices of the graph G which correspond to £i 5 i, • ■ ■ , £i,t| 
respectively. We join vij and i>o,o by directed line which goes from vij to i>o,o- F° r 
j = 1, • • • , t, we define the weight u(l,j; G) of uij as follows: 

u(l,j;G) = eij-u(0,0;G), 

where eij = the Ei ^-multiplicity of -D. 
(Step 3) 

In general, let E it i,--- ,E ijt . be disjoint (-l)-curves obtained by blowing up at 
distinct points {x^i,--- ,Xi jti } on [jE^i^. Let v^i,--- ,Vi jti be vertices of the 

k 

graph G which correspond to E^i, ■ • • , Ei jti respectively. We join Vij and i>i-i,fc by 
directed line which goes from v^j to Vi-i^ if E^j is contracted in Ei_i^. Let e^j = 
the i^j-multiplicity of D for j = 1, ■ • • , ti. Then we define the weight u(i,j; G) of 
as follows: 

u(i,j;G)=eij- u(p,q;G), 

v Piq eSP(i,j;G) 

where P(i,j; G) denotes the path between i>o,o and Vij, and SP(i, j',G) = P(i, j; G)— | 

By the above steps, we obtain the graph G for each y k . 
Notation 4.18. 



{ deg(w ,o 
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Lemma 4.19. Let p : Y — > X be a birational morphism between smooth surfaces X 

and Y , and let D be an effective divisor on X . Let D' = p*D, and E a union of all 

p- exceptional curves. Let B = p(E) and M(D') = sum of the multiplicity of (-l)-curve on Y in -D'.| 

Then 



M(D') = 

yEB 



\ E u(p,q;G(y))\e(i,j;G(y)) 



+ E E ufrrMv))}, 

yEB \vi,j€G(y) 



where G(y) = G(y, D) and 



0(i,j;G(y)) 



w(i,j;G(y))-l ifw(i,j;G(y))>l, 
ifw(iJ;G(y)) = 0. 



Proof. We may assume that B = {y}. Let G = G{y,D). Let A = {vij G 
G | deg(i7 iiJ -) = 1, Vij ^ v ,o} and p = $A- deg(i> ,o)- 
l£A = (f>, then M(D') = u(0, 0; G). 

So we asuume A ^ 0. We prove this Lemma by induction on the value of p. We 
remark that by construction the following fact holds; 

Fact. For any v Sjt G A, the multiplicity of the (-l)-curve corresponding to v Sjt is 
equal to u(i,j;G). 

Vij€P(s,t;G) 

(1) The case in which p = 0. 

Then degv = 2 for any v g" A and v ^ i>o,o- Hence 

M(D')= u(i,j;G)+u(0,0;G)(deg(v o , o )-l) 

VijeG 

= \ E u(p,q;G)\e(i,j;G). 

VijGG vijeG [v Piq eP(i,j;G) 

(2) The case in which p = k > 0. 

We assume that this Lemma is true for p < k—1. We take a vertex v S)t G A such that 
there is no edge whose terminal points are vq } o and v Sjt - Let G v = G — {v S)t }- Let 
p~ : Y — > X~ be blowing down of (-l)-curves corresponding to v 8 j and p = p + op~ . 
Let _D V = (p + )*(D). Then we remark that G v is the river of p, + and D. 
Then by induction hypothesis 



MCD V )= u (hr,G v )+ \ E u(p,q;G^)\0(i,j;G v ). 

Next we consider M(D'). Let i> s _i 5 / be a vertex such that there is an edge between 
v s - lt i and u Sjt . 

/O 1\ rpi „ „„„„ • „.U;„U „../„ 1 7. /T\ 1 
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Then M(D') = M(D V ) + u(s, t; G). Hence 

M{D')= J2 u(iJ;G v )+u(s,t;G)+ ^ J ^ u(p, q; G v ) L(t,j; G v ) 

= £ u(iJ;G)+ J2 \ E ^;G)Uz,j;G), 

because 9(s— 1, /; G) = 6>(s, t; G) = and we have u(i,j; G) = u(i,j; G v ), w(i,j; G) =| 

j;G v ), and 9(iJ;G) = 6>(z,j;G v ) for v t j ^ v Sjt . 
(2-2) The case in which w(s - 1, /; G) > 2. 
Then 

M(D') = M(D V ) + J2 u(p,q;G) + u(s,t;G). 

v p , q eSP(s,t;G) 

Hence 

M(D')= J2 u(i,j-G v ) + u(s,t-G)+ J2 \ E u(p,q;G v )[e(iJ;G w ) 

+ E ?; G ) 

v P}Q eSP(s,t;G) 

= J2 E | E «(p,«;G)U(i,j;G), 

because 6>(s, £; G) = and 9(s — 1, /; G) = 9(s — 1, /; G v ) + 1 and because we have 
u(i,j;G) = «(U;G V ), w(i,j;G) = w(i,j;G v ), and (9(i,j;G) = #(U;G V ) for 
j) 7^ (s, t) , (s — 1,0- This completes the proof of Lemma 4.19. □ 

Lemma 4.20. Let D be a CNNS-divisor on X and we use Notation 4-13. Then 
(D> ed f <2l-2-J2 - 1) + E((^) 2 + 2 )- 

i=l 7 



Proof. First we prove the following Claim. 
Claim 4.21. 

* 1 

e(D')-o(D') + l + J2Mh-l)<l, 

i=i 2 

ty/iere / = g(D red ) - q(X). 

t 

Proof. We have g(D' red ) = g(D red ) — \bi(bi — 1) by definition. There exists 

i=i 

m = e(D') — o(D') + 1 egdges e±, • • • , e m of G(_D re d) such that G — {ei, • • • , e m } is 
a tree. Therefore by Remark 4.12.1, there exists a connected effective divisor A on 
X" which is obtained by finite number of blowing ups of X' such that g(D' red ) = 

~t A\ i „/ n'\ „/ n'\ i i t „i ..// . v// . V"/ u„ u;„„j-; — „l ™ u;„™ „„J /I a„ 
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strict transform of D' red by Let a(A) = dimKer(if 1 (C x ») -> Then 
we calculate a (A). 

If a(A) 0, then there exist an Abelian variety T, a surjective morphism /" : X" — > 
T such that f"(X") is not a point and f"(A) is a point. Then any ^"-exceptional 
curve is contracted by /" because T is an Abelian variety. Hence f"((fj,")*D' Ted ) is 
a point. But (fj,")*D' Ted is not negative semidefinite. Therefore a(A) = 0. Since A 
is reduced and connected, A is 1-connected. Hence (7(A) = }i 1 {Oa)- So we obtain 
g(A) = h 1 (0 A )>q(X") = q(X). 
By the above argument, 

1 1 

2(D red ) = <7(£>; ed ) + ]T -6,(6,-1) 

* 1 

= s(A) + e(D') - o(ZT) + 1 + $] -6,(6, - 1) 

,=i 

1 1 

> q(X) + e(D') - o(D') + 1 + ~ X )- 

,=i 

Therefore 

t 1 

e(D') - o(D') + 1 + o h ^ hi ~ l )^ L 
,=1 1 

This completes the proof of Claim 4.21. 

We continue the proof of Lemma 4.20. By construction, we obtain 

(^d) 2 = £(^) 2 + 2e(ir) 

3 

= Y J {C' J f + 2{o{D')+e{D')-o{D')) 

3 

= J2((C' J ) 2 + 2) + 2(e(D')-o(D')). 

3 

By Claim 4.21, we have 

(D> ed ) 2 <2l-2-J2 Hh - 1) + £((Cj) 2 + 2 )- 

i=l j 

This completes the proof of Lemma 4.20. □ 

Theorem 4.22. Let X be a minimal smooth projective surface with k(X) > 
and D a CNNS-divisor on X. Let D = Yl r 3^3 be its prime decomposition and 

3 

m = g(D) — q{X), where m G Z. 
Then D 2 < 2m — 2 + N(D), where 

N(D) = ^P- ^{irreducible curves Cj of D such that C] = -2 + (3}. 
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Proof. We use Notation 4.13 and the notions which is defined above. We may 
assume that B = {y}. Let G = G(y,D), u(i,j) = u(i,j;G), 6(i,j) = 6(i,j;G), 
w{i,j) = w{i,j;G), P(i,j) = P{i,j;G), and SP{i,j) = SP(i,j;G). Let D' = 
(//)*£> and D' nT = D' - D' red . Let D' nr = D' ne + D' e + D'_ x , where D' ne is the effective 
divisor which consists of not /(/-exceptional curves, D' e is the effective divisor which 
consists of curves which are /(/'-exceptional curves and not (-l)-curves, and D'_ 1 is 
the effective divisor which consists of (-l)-curves. 
Then 

K x ,D' e = J2 \ I E u(p,q)\-l[e(ij)+ J2 <iJ)(rn(iJ)-l), 

VijCG ( \v p , q £P(i,j) J J Vij£G 

where m(z,j) is the multiplicity of e-curve through Xij in the total transform of 
.D, Xij is the blowing up point and its (-l)-curve corresponds to Vij, s(i,j) = 1 
if there exists the e-curve through Xij and e{i,j) = if there does not exist the 
e-curve through Xij. 
On the other hand, 

-£(i£ + 2) = E 

a Vi^eG-W Vij£G 

where E a is a /(/'-exceptional curve on X' and not (-l)-curve, and W = {vi j G 

G\w(i,j) = 0}. 

Hence 

(4.22.1) 

K x ,D> e -J2(El + 2)= E |f E «CP,«) J - 

"ijSG [ \v p , q £P(i,j) I ) 

+ E £ ( i ^) m ( i ^)+ E (^(^i)- 1 )- 

VijEG Vi^eG-W 

Let 

(3 nr = sum of multiplicity of /(/'-exceptional (-l)-curves in D' nr . 

Then 

(4.22.2) -p nv = K xr D'_ 1 . 

Let Cij be a strict transform of Cij-i by [ij and C^o = Cj. Let Cij = fx*(Cij-i) — 
e(i)jEj, where Ej is the (-l)-curve of [ij. We remark that e(i)j > 1 for any z, j. 
Then 

t 

i.x'((r,-l)C M )>^(r,-l)e(% 

i=i 

because X is minimal. 
Hence 



^w^) > E i E(^ - ^ 



> . 
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On the other hand 



^ + 2) = ^)-^^e( l ); 

i i j=l 



t 

because Cf t = Cf - e (0j- 



Hence 
(4.22.3) 



Kx>{D' ne ) - £(C? >t + 2) > £J>e(%) " N &) 

i i j = l 



t t 

since £ e(*)f > £ e (%- 
i=i i=i 

By (4.22.1), (4.22.2), and (4.22.3), we obtain 
(4.22.4) 

K x ,D' m -Y,{Cl t + 2)-Y J {El + 2) 

i a 

>-/3 nr + E E "CP'?)] -4 

t 

VijEG VijEG-W i j=l 

On the other hand, we have 

q(X) + m = g(D) = g(D f ) 

= 9(D' red ) + \{K X , + D' + D' red )D' nr 



9(D red ) - ^ 5>(k " 1) + \{Kx> +D' + D' red )D' nT 

i=i 

1 * 1 

q(X) - 1) + +D' + D' Ted )D> m 



2 

i=i 



„.1 1 _ „/ 7-1 \ „/ 
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2m - 21 = {K x , +D' + D' red )D' nr - ^ b % {h - 1) 



+ E \\ E u(p, q )\-iU(ij) 

Vi,j€G [ \v p , q eP(i,j) J J 

+ E £ ( i 'j) m ( i 'j)+ E (wfrj)- 1 ) 

+ E E( r * e (%) " N(D) + (£>' + D' red )D nr , - bi(bi - 1), 

i j=l i=l 



and so we have 



(D' + D' ved )D nr , < - J2(Cl + 2) - + 2) + /3 nr 

i a 

" E I I E u(p,q)\-l\e(z,j) 
VijeG { \v p , q £P(i,j) J ) 

- E £ (^i) m (^i)- E (w&j)- 1 ) 

VijeG vijeG-w 
t t 
~ E E( r * e (^) + + E - 1) + 2m - 21. 
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Therefore by Lemma 4.20, we obtain 

(D'f = (D' led ) 2 + (D' + D' led )D' 



nr 



< (2m - 21) + (2l-2) + J2 *>i(bi - 1) - J] b % {h - 1) 

i=i i=i 

+ J2((C*) 2 + 2) " £(C?,t + 2) - + 2) + /3 nr 

i i a 

- E | f E -4^') 

- E £ (*'i) m (*'i) - E 

-EE(^)+ iV ( D ) 

i j = l 

= (2m — 2) + M(D') 

- E I f E «(*>»«)] -4^') 

- E £ (^i) m (^i)- E (^^'J')- 1 ) 

-£I>e(0;)+^), 

i j = l 

where M(D') is the sum of the multiplicity of (-l)-curves in D' . 
On the other hand by Lemma 4.19, we have 

m(d') — | ( E «(p»«)] 

= m( j d')- E I E «(p>9)Uu)+ E 

Vij£G {v Pi g€P(i,j) ) VijeG-W 

= E u (p^) + E (^(^i)- 1 )- 

Therefore 



v p , q eG VijEG-W 



(D') 2 <2m-2 + U (P^)+ E 

- E £ (^i) m (^i) - E (^(^i)- 1 ) 

Vi,j€G VijEG-W 

O i AT/ 7""^ 
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because we have 

t 

VijEG i j=l v p , q eG 

by considering the definition of u(p,q). This completes the proof of Theorem 
4.22. □ 

Theorem 4.11 is obtained by Theorem 4.22. 

Proof of Theorem J.. 11. It is sufficient to prove D 2 < 2m + 1 if g(D) — q(X) = m. 
We consider the following decomposition (**) of D; 

(**) D = D\ + D 2 , and D\ and D 2 have no common component, where D\ and 
D 2 are non zero effective connected divisors, 

Claim 4.23. // ((L>i) re d) 2 < and ((D 2 ) Ted ) 2 < 0, then N(D) < 4. 
If ((D 1 ) red ) 2 < or ((D 2 ) red ) 2 < 0, then N(D) < 3. 

Proof Let (A) red = J2Bi,j. Then E(B l , J ) 2 = N(D i )-2o(D i ) and E B hJ B hk > 

e(Di). Hence ((A)red) 2 > 2e(A) ~ 2o(A) + N(Di) for % = 1, 2. By hypothesis, 
we have > 2e(D l ) - 2o(D t ) + N(D t ) for i =1, 2. Since the dual graph of 
L>i is connected, we have e(A) — 0(A) + 1 > 0. Hence 2e(Di) — 2o(A) > —2 and 
so we have A^(A) < 2. 

On the other hand, N(D) = N(D ± ) + N(D 2 ) since D = Di + D 2 . Therefore 
N(D) < 4. 

The last part of Claim 4.23 can be proved by the above argument. This completes 
the proof of Claim 4.23. 

Let S(D) be a set of an effective connected reduced divisor D contained in D such 
that D has a minimum component which satisfies the property that the intersection 
matrix of D is not negative semidefinite. 

Then S(D) ^ by hypothesis. Let D = ^ Cj e S'(-D) and let be the multiplicity 

of Cj in L>. Let D a = Yl r iCi and Z)^ = D — D a . We remark that possibly Dp = 0. 

ieJ 

Then D a has at least two components since Cf < for any i. Let D a = D a \ +-D«,2 
be the decomposition as (**). 

Claim 4.24. We can take this decomposition which satisfies (D aj i) 2 < 0. 

Proof. We consider the dual graph G(D a ) of D a . Then G(D a ) is connected. In 
Graph Theory, there is the following standard Theorem; 

Theorem 4.25. Let G be a connected graph which is not one point. Then there 
are at least two points which are not cutpoints. (Here a vertex v of a graph is called 
a cutpoint if removal of v increases the number of components.) 

Proof. See Theorem 3.4 in [H]. 

We continue the proof of Claim 4.24. By Theorem 4.25, it is sufficient to take 
( -D a , 1) red as an irreducible curve corresponding to a vertex of G(D a ) which is not 
a cutpoint. This completes the proof of Claim 4.24. 
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We have ((-D Q ,i) r ed) 2 < and ((-D a ,2) re d) 2 < by the choice of D a . Therefore 
N(D a ) < 3 by Claim 4.23. 
On the other hand, we have 

q(X) + m = g{D) = g(D a ) + ±(K X +D + D a )D p . 

Let g(D a ) = q(X)+m a . Then by Theorem 4.22, D 2 a < 2m a -2+N(D a ) < 2m a + l 
since D a is a CNNS-divisor. 

On the other hand, {Kx + D + D a )Dp = 2(m — m a ) and KxDp > 0. Hence 
(D + D a )Dp < 2(m — m a ). Therefore 

D 2 = D 2 a + {D + D a )Dp 
< 2m ol + 1 + 2m — 2m a 
= 2m + l. 

This completes the proof of Theorem 4.11. □ 

Remark 4.26. Let D = J] ?"jCj be an effective divisor on a minimal smooth surface 

i 

of general type with Cf < for any i. If the intersection matrix \\{Ci • Cj)\\ is not 
negative semidefinite, then K X D > 2q(X) — 3. 

Indeed, let D\,--- ,D t be the connected component of D. Then for some Dk, 
the intersection matrix of the components of D is not negative semidefinite. By 
Theorem 4.11, we have K x D k > 2q(X) — 3. Since K x is nef, we obtain K X D > 
2q(X)-3. 

Corollary 4.27. Let X be a smooth surface of general type and let D be a nef-big 
effective divisor with h°(D) = 1 on X . If D is not the following type (*), then 
K x D>2q(X)-4; 

(*) D = C\ + r jCj ; Cf > and the intersection matrix \\Cj, C/J j>2,k>2 of 
j - 2 

^ rjCj is negative semidefinite. 

Proof. By Theorem 4.5, Theorem 4.6, Theorem 4.11, and Remark 4.26, we obtain 
Corollary 4.27. □ 

§ 5. The case in which «(X) = 2 and L is an irreducible reduced curve. 

Notation 5.1. Let X be a smooth projective surface over the complex number 
field C and let C be a curve on X with C 2 > 0. Let N(k; C) be the set of a 
0-dimensional subscheme Z with length Z = k + 1 and Supp Z C C such that 
the restriction map T(0(K x + C)) -> T(0(K x + C) <g) O-) is not surjective. Let 
S(Z; C) be the set of a subcycle ZofZe N(k; C) with length^ < length^ such 
that T(0(K x + C)) -> r(£>(ifx + C) ® O z ) is not surjective but for any subcycle 
Z' of Z with length Z' < length^, T(0(K x + C)) -> r(C(K x + C) ® C? Z ') is 
surjective. 
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Theorem 5.2. Let X be a minimal smooth projective surface with k(X) = 2, and 
let C be an irreducible reduced curve on X with C 2 > 0. We put g{C) = q(X) + m. 
We assume that K x + C is not k-very ample for some integer k > (l/2)(m — 1). 
Assume that 

tt |J ( U SuppZj=oo. 

zeN(k-.c) \zeS(Z;C) j 

Then C 2 < 4(fc + l). 

Proof. We remark that C is nef and big. 

Assume that C 2 > 4(k + 1). Then we remark that C 2 > 2m + 3 by hypothesis. 
If q(X) < 2, then K X C > > 2q(X) - 4 and so we have C 2 < 2m + 2 and this is 
a contradiction. Hence we have q(X) > 3. 

Then by Corollary 2.3 in [BeFS], for any Z £ [j S{Z;C) there exists an 

zeN(k-c) 

effective divisor D z on X such that Supp(Z) C D z and C — 2D Z is a Q-effective 
divisor. 

Let A = {D z | Z G U S(Z; C) and D z as above}. 

ZeN(k;C) 

Claim 5.3. Let D be an effective divisor on X and let D = Yl r iCi be its prime 

i 

decomposition. If there exists an irreducible component Ci with Cf > 0, and C — 2D 
is Q-effective, then C 2 < 2m if g(C) = q(X) + m. 

Proof. By Proposition 1.7, we have 

K X D > K x C t 

> 3 

= q{X) + l -q{X) - 3. 

Since q(X) > 3, we obtain that K X D > q(X) - (3/2). Hence K X D > q(X) - 1 
because K X D is an integer. Because K x is nef and C — 2D is Q-effective, we obtain 

g (C) = l + ±(K x + C)C 

>1 + \{K X ){2D) + 1 -C 2 
= l + K x D+ l -C 2 
> q(X) + \C 2 . 

Therefore C 2 < 2m. This completes the proof of Claim 5.3. 

We continue the proof of Theorem 5.2. 
By Claim 5.3, any D z G A satisfies C 2 < for any irreducible component Ci of 

7-1 
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So C <£_ D z for any D z G A since C 2 > 0. Hence by hypothesis, we obtain 

dim [J |J Supp C J = 2, 

D z eA \Cz,ieV(D z ) J 

where V(Dz) = the set of irreducible components of Dz- 
Let 

|J V(D Z )=B 1 UB 2 , 

D z eA 

where Bi is the set of irreducible curves C\ with C\ < and B 2 is the set of 
irreducible curves C 2 with C| = 0. 

(1) The case in which fji?i = oo. 

If Ci G B 1 with > - 1, then K X D Z > q(X) - 1 and so we have 

C 2 < 2m by the same argument as Claim 5.3. So we have K X C\ < q(X) — 2 for 
any C\ G B\. Then the number of such a curve C\ is at most finite by Lemma 1.8. 
But this is a contradiction by hypothesis. 

(2) The case in which %B 2 = oo. 

If C 2 G B 2 with KxC 2 > q(X) — 1, then we have C 2 < 2m by the same argument 
as above. So we have KxC 2 < q(X) — 2 for any C 2 G B 2 . Then there is a subset 
B 3 C B 2 such that §B 3 = oo and C s = C t for any distinct C s ,C t G S3 by Lemma 
1.8. We take a C fc G S 3 . Let a(C k ) = dimKer(if 1 (C x ) -> if^CcJ). 
(2-1) The case in which a(C k ) ^ 0. 

Then by Lemma 1.3 in [Fk4], there exist an Abelian variety G and a morphism 
/ : X — > G such that /(X) is not a point and /(C^) is a point. Since C| = 0, 
we obtain /(X) is a curve. By taking Stein factorization, if necessary, there is a 
smooth curve B, a surjective morphism h : X — > S with connected fibers, and a 
finite morphism 5 : S — > /(X) such that f = 8 o h. On the other hand, for any 
C n G -B 3 and C n 7^ C^, we have C n C k = C 2 = 0. Hence any element C n of S3 is 
contained in a fiber of ft and = 0. Therefore for a general fiber Fh of ft, we may 
assume Fh G S3. On the other hand, we have C — 2Dz < C — 2Fh- So we obtain 
that C — 2F h is a Q-effective divisor. 
Hence we have 

g(C) = g(B) + \{K X/B + C)C + (CF h - l)(g(B) - 1) 
>g{B)+ l -{K x/B ){2F h ) + l -C 2 
= g(B) + 2g(F h ) - 2 + l -C 2 
= g (B)+g(F h ) + ±C 2 +g(F h )-2 
> q{X) + \C 2 

because K x /b is ne f 5 9(B) > 1 and g(Fh) > 2. 

Hence C 2 < 2m. But this is a contradiction because we assume that C 2 > 2m + 3. 

/o r,\ rpi „ „„„„ • „.u;„u „J ri \ r\ 



A LOWER BOUND FOR K X L OF QUASI-POLARIZED SURFACES 



25 



Then q(X) < ^(OcJ = g(C k ). On the other hand, since K x is nef, C\ = 0, 
C - 2C k > C - 2D Z , and C - 2D Z is Q-effective, we obtain 

g(C) = l + ^(K X +C)C 

>l + l -(K x ){2C k )+ l -C 2 
= l + K x C k + 1 -C 2 
= l + 2g(C k )-2+±C 2 
>2q(X)-l + ±C 2 . 

Hence 

C 2 < 2m + 2(1 -q{X)) 
< 2m -4 

since q(X) > 3. 

But this is a contradiction by hypothesis. Therefore C 2 < 4(/c + l). This completes 
the proof of Theorem 5.2. □ 

Corollary 5.4. Let X be a minimal smooth projective surface with k(X) = 2 
and let C be an irreducible reduced curve with C 2 > 0. Then C 2 < Am + 4 if 
m = g(C)-q(X). 

Proof. We use Notation 5.1. By Theorem 5.2, it is sufficient to prove that K x + C 
is not m-very ample and 

tt |J ( U SuppZj=oo. 

ZeN(m;C) \ZeS(Z;C) / 

Let W = Im(H°(K x + C) -> H°(u c )), where u c is a dualizing sheaf of C. We 
remark that ujc is a Cartier divisor. Let a be the map H°(K X + C) — > W . Then 
dim W = h°(K x + C) — h°(K x ) = m by Riemann-Roch Theorem and Kawamata- 
Viehweg Vanishing Theorem. Let Pi, - - , P m +i be any m+1 distinct points on 
C\ Sing C, where Sing C denotes the singular locus of C. Let Z be a 0-diminsional 
subscheme such that 

(1) l z O x , y = O x , y if y £ {P u ■ ■ ■ , P m+1 }; 

(2) Xz0x, y = (xi, yi) if y = Pj, 

where is the ideal sheaf of Z and (x^, y^) is a local coordinate of X at Pi such that 
C is defined by (x^ at Pi. Let /5 be the restriction map W — > H°((K X +C) ® Cz)- 
If i^x + C is m-very ample at Z, then the restriction 7 : H°(K X + C) — > H°((K X + 
C)®O z ) is surjective. But we have dim W = m and dimi7 ((ii:x + C) ® O z ) = 
m + 1. This is a contradiction since 7 = ,3 o a. Hence i^x + C is not m-very ample 
for any 0-dimensional subscheme with length m + 1 which consists of distinct m + 1 
points of C\Sing(C). This implies 



tt U U Supp Z =00. 
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This completes the proof of Corollary 5.4. □ 

By Corollary 4.27, in order to solve Conjecture 1 (or Conjecture 1'), it is sufficient 
to consider the case in which D is the following type (*); 

(★) D = C\ + r jCj ; C\ > and the intersection matrix \\Cj, Ck\\ j>2,fc>2 of 
Y r jCj is negative semidefinite. 

Corollary 5.5. Let X be a minimal smooth projective surface with k(X) = 2 
and let D be a nef-big effective divisor on X such that D is the type (*). Then 
D 2 < Am + 4 ifm = g(D)-q(X). 

Proof. First we obtain 

2(d) = q(X) +m-l(K x + D + C 1 )(J2 

J>2 

By Corollary 5.4, we have 

C\ < Am + 4 - 2(K X + D + Ci)(^ r.C,) 

i>2 

< 4m + 4 - 2(D + Ci)(^ r^-CT,-). 

i>2 

Hence 

D 2 = Cf + (D + C^rjC,) 

i>2 

<4m + 4- (D + C 1 )(^r J C J ). 

i>2 

On the other hand D + C\ is nef. Hence (D + Ci)(J2 rjCj) > and so we obtain 

J>2 

D 2 < Am + A. This completes the proof of Corollary 5.5. □ 

§ 6. Higher dimensional case and Conjecture. 

In this section we consider the case in which n = dimX > 3 and k(X) > 0. 

Theorem 6.1. Let (X,L) be a quasi-polarized manifold with dimX = n > 3 and 
k(X) =0 or 1. Then K x L n ~ l > 2(q(X) - n). 

Proof. 

(1) The case in which k(X) = 0. 

Then q(X) < n by [Ka]. Hence Kji 11 " 1 > > 2(q(X) - n). 

(2) The case in which k(X) = 1. 

By Iitaka Theory ([Ii]), there exist a smooth projective variety Xi, a birational 
morphism \i\ : X\ — > X, a smooth curve C, and a fiber space f± : X\ — > C such 
that k(F±) = 0, where F\ is a general fiber of f\. Let L\ = n\L. 

/O 1\ rpi „ „„„„ • „.u;„u ~t \ 1 
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By Lemma 1.3.1 and Remark 1.3.2 in [Fk2] and the semipositivity of (fi)*(K Xl /c) 
([Fjl]), we have K^/cL™' 1 > 0. Therefore 

= K Xx ,cLT X + (2</(C) - 2)L n 1 ~ 1 F 1 
> 2g(C) - 2. 

On the other hand, q(X) < g(C) + (re — 1) since q(Fi) < n — 1 by [Ka]. Hence 

K x L n ~ 1 > 2(g(C) - 1) 
>2{q{X)-n). 

(2-2) The case in which g(C) = 0. 

Then q(X) < re - 1 since g(Fi) < re - 1. Therefore K x L n ~ 1 > > 2(g(X) - re). 
This completes the proof of Theorem 6.1. □ 

By considering the above Theorem, we propose the following Conjecture which 
is a generalization of Conjecture 1'. 

Conjecture 6.2. Let (X,L) be a quasi-polarized manifold with n = dimX > 3 
and k(X) > 0. Then K x L n - x > 2(q(X) - n). 

By Theorem 6.1, this Conjecture is true if k(X) =0 or 1. We will study Conjec- 
ture 6.2 in a future paper. 
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